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Abstract. Numerical studies of the reduced density matrix of a gapped spin-1/2
Heisenberg antiferromagnet on a two-leg ladder find that it has the same form
as the Gibbs density matrix of a gapless spin-1/2 Heisenberg antiferromagnetic
chain at a finite temperature determined by the spin gap of the ladder. We
investigate this interesting result by considering a model of free fermions on a twoleg ladder (gapped by the inter-chain tunneling operator) and in spin systems on
a ladder with a gapped ground state using exact solutions and several controlled
approximations. We calculate the reduced density matrix and the entanglement
entropy for a leg of the ladder (i.e. a cut made between the chains). In the
fermionic system we find the exact form of the reduced density matrix for one
of the chains and determine the entanglement spectrum explicitly. Here we find
that in the weak tunneling limit of the ladder the entanglement entropy of one
chain of the gapped ladder has a simple and universal form dictated by conformal
invariance. In the case of the spin system, we consider the strong coupling limit
by using perturbation theory and get the reduced density matrix by the Schmidt
decomposition. The entanglement entropies of a general gapped system of two
coupled conformal field theories (in 1 + 1 dimensions) are discussed using the
replica trick and scaling arguments. We show that (1) for a system with a bulk
gap the reduced density matrix has the form of a thermal density matrix, (2) the
long-wavelength modes of one subsystem (a chain) of a gapped coupled system are
always thermal, (3) the von Neumann entropy equals the thermodynamic entropy
of one chain, and (4) the bulk gap plays the role of effective temperature.
c 2013 IOP Publishing Ltd and SISSA Medialab srl
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1. Introduction
The thermodynamic entropy is a key concept in statistical mechanics, and measures
disorder and randomness in a macroscopic system. The thermodynamic entropy ST for a
quantum system in thermal equilibrium at temperature T is defined as
ST ≡ −TrρT ln ρT

(1.1)

where
1 −βH
e
(1.2)
Z
is the (thermal density) matrix of the Gibbs ensemble at temperature T , and Z ≡
Tr exp(−βH) is the Gibbs partition function with β = 1/T . At zero temperature, the
system is in its ground state (with an at most finite degeneracy) and in this limit the
thermodynamic entropy vanishes, ST = 0.
On the other hand, the entanglement entropy is a measure of the non-local correlations
of a pure quantum state. The entanglement entropy for subsystem A is a measure of the
quantum entanglement between A and B (and vice versa) and is defined as follows. Let
us consider an extended system in a pure state |Ψi, and define a partition of system into
two subsystems, A and B, with common boundary Γ = ∂A = ∂B. We will denote by
ρT ≡

ρA∪B = |ΨihΨ|

(1.3)

the density matrix of the pure state |Ψi, and by
ρA = TrB ρA∪B ,

ρB = TrA ρA∪B ,
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the (normalized) reduced density matrices of the subsystems A and B of the partition
(which satisfy TrρA = TrρB = 1). Then, the (von Neumann) entanglement entropy is given
by
SvN (A) ≡ −TrρA ln ρA .

(1.5)

Since the full system A ∪ B is in a pure state, |Ψi, the von Neumann entanglement
entropy is the same for both members of the partition, SvN (A) = SvN (B). Similarly, the
Rényi entropies Sn are given by (n > 1)

SvN = −

∂
TrρnA
∂n

(1.7)
n→1

which is understood as an analytic continuation.
The behavior of the entanglement entropy has been the focus of study in several areas
of physics. A particular focus of interest has been the scaling of the entanglement entropy
with the linear size ` of the subsystem, assumed to be much smaller than the linear size L
of the system as a whole, `  L. It is known that, for a generic state in spatial dimension
d, the entanglement entropy scales with the area of the subsystem [4]–[6] SvN (`) = α`d−1 ,
where α is a non-universal constant determined by the short-distance correlations of the
wavefunction. This result is reminiscent of the area law of the entropy of black holes
[7, 8], where the constant is instead determined by the Planck scale. Of particular
interest is the fact that quantum entanglement also encodes universal information of
the non-local correlations of the many-body wavefunction of the macroscopic quantum
system [3], [9]–[12].
Although the von Neumann entanglement entropy SvN has the same formal definition
as the thermodynamic entropy ST , these are conceptually different quantities. In this paper
we will be interested in under what circumstances can the reduced density matrix ρA of
a subsystem of a system in its ground state |Ψi define an effective Gibbs ensemble for
the subsystem at some effective temperature Teff . For this equivalence to be meaningful it
should be possible to express the reduced density matrix, whose spectrum is by definition
non-negative, in terms of an effective local so-called entanglement Hamiltonian, which we
will denote by HE , whose spectrum is the entanglement spectrum [13]. If this equivalence
holds, then the reduced density matrix takes the thermal form
ρA =

1 −βeff HE
e
Zeff

(1.8)

where βeff = 1/Teff , and the normalization factor Zeff plays the role of an effective partition
function. Since the reduced density matrix is, by definition, a Hermitian matrix it is
obvious that a suitable Hermitian operator HE can always be defined. However, it is not
obvious, and in general it is not true, that HE should also be local and, even more, what
connection it may bear, if any, with the Hamiltonian H of the combined quantum system
of which the state |Ψi is its ground state or with the Hamiltonian HA of subsystem A
(and similarly with B).
doi:10.1088/1742-5468/2013/08/P08013
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1
(1.6)
ln TrρnA
1−n
and are also symmetric under the exchange of regions A and B. The von Neumann and
Rényi entropies are related by the ‘replica trick’ formula [1]–[3]
Sn =
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In this paper we will consider systems made of two identical subsystems which are
coupled to each other in the bulk. In this case, both subsystems are thermodynamically
large and neither can be regarded as a ‘heat bath’ for the other. Here we will focus
on the special (and interesting) problem in which the two identical subsystems are onedimensional and are separately at quantum criticality. The problem that we want to
address is under what circumstances can the reduced density matrix of one of these
subsystems have a Gibbs form at some effective temperature Teff with a local (and
Hermitian) entanglement Hamiltonian HE . We are motivated by some recent numerical
results by Poilblanc [14], who used an exact diagonalization technique to determine the
entanglement Hamiltonian for one leg of a spin-1/2 quantum antiferromagnet on a two-leg
ladder. Over some range of values of the inter-leg exchange interaction, Poilblanc found
that the reduced density matrix of one leg is the same as the thermal (Gibbs) density
matrix of a spin-1/2 quantum Heisenberg chain at an effective temperature (determined
by the spin gap of the ladder). Similar results have also been found in other fully gapped
systems, such as AKLT models on ladders [15, 16] and in the entanglement of spin and
orbital degrees of freedom in Kugel–Khomski models in one dimension [17]. To this end
we examine this question first in an exactly solvable system of free fermions on a ladder,
with a gapped ground state. Next we examine the same problem in the spin-1/2 ladder
in the strong inter-leg coupling regime, a system recently discussed also by Laüchli and
Schliemann [18] and by Qi et al [19] in 2D topological phases. Next we formulate a scaling
hypothesis for the entanglement entropy in the weak coupling limit, where the combined
system can be regarded as being a perturbed conformal field theory, and test its validity
in the free-fermion system. We finally compare with results in a system of two coupled
Luttinger liquids in a gapless combined ground state [20].
An important question is whether the effective entanglement Hamiltonian HE is local
and what is its relation with the (local) Hamiltonian of the decoupled subsystems. We
will see below that if we insist that the entanglement Hamiltonian HE be fully local
(i.e. at the scale of the lattice spacing) the energy gap of the coupled system has to be
much larger than the coupling constants (and hence the energy scales) of the subsystems.
In this regime all the degrees of freedom of the subsystem are thermal. However, we
will see in an explicitly solvable free-fermion example that in regimes in which the gap
is small (compared with other scales of the problem), the reduced density matrix for
the long-wavelength degrees of freedom of subsystem A is thermal with a local effective
continuum effective entanglement Hamiltonian which is the same as the Hamiltonian
HA of the low-energy conformal field theory of the decoupled subsystem A. Moreover,
in this regime the structure of the effective long-wavelength entanglement entropy has a
form which is determined entirely by conformal invariance. This observation leads us to
conjecture that this result is not a peculiarity of the free-fermion system but is actually
a general property of gapped systems of this type. The separation of the entanglement
spectrum into a long-wavelength universal (and thermal) part and a short-distance nonuniversal part that we found in this free-fermion model is in line with what was found
by Li and Haldane [13]. These authors showed that the low-(pseudo)energy modes of the
entanglement Hamiltonian of fractional quantum Hall fluids of a two-dimensional electron
gas have the same universal structure as the low-energy states of the edge states of the
same fractional quantum Hall state (on a disk geometry).

Quantum entanglement and thermal reduced density matrices in fermion and spin systems on ladders

2. A free-fermion model
In this section we will consider a two-leg ladder model of free fermions which are gapped
by the inter-chain tunneling. Consider a two-leg ladder model with Hamiltonian [28]
X †
X
H = −t
(eiΦ/2 c†A,j+1 cA,j + e−iΦ/2 c†B,j+1 cB,j + h.c.) + t⊥
(cA,j cB,j + c†B,j cA,j )
(2.1)
j

j

in which cA,j and cB,j are the fermion operators on chain A and on chain B, respectively.
Here t is the hopping amplitude along the chains and t⊥ is the hopping amplitude along the
rungs (between the chains). For each plaquette of the ladder there is a flux Φ introduced
in the Hamiltonian through minimal coupling (the Peierls substitution). As the flux per
plaquette Φ varies from 0 to π the spectrum evolves continuously from a regime with
two gapless branches (for Φ ∼ 0) to a fully gapped spectrum (for Φ ∼ π). Since in this
paper we are interested in the gapped case, we consider only the simple case in which
the flux per plaquette is half of the flux quantum and hence Φ = π (in units in which
~ = c = e = 1). The behavior of entanglement in the gapless regime is similar to what is
discussed in section 5.
In momentum space, the Hamiltonian of this model becomes:
Z π
dk
H=
H(k).
(2.2)
−π 2π
doi:10.1088/1742-5468/2013/08/P08013
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We should note that the question we are asking here is conceptually different from the
central axiom of statistical mechanics stating that a subsystem weakly coupled to a much
larger system (the ‘heat bath’) can reach thermal equilibrium at a temperature determined
by the larger system. It is an axiom of statistical mechanics that the equilibrium state
of the subsystem is in the Gibbs ensemble, and that this equilibrium state is universally
reached irrespective of the specific dynamics [21]. It is known rigorously that the reduced
density matrix of a subsystem has a Gibbs form if the total system is in a ‘typical state’,
i.e. a state drawn from some statistical ensemble, which is assumed to be a typical state
of the spectrum of the full (and generic) Hamiltonian H [22]–[24]. However, the ground
state of the Hamiltonian is hardly a typical state and one generally does not expect to
find a Gibbsian reduced density unless the ground state has special properties.
The paper is organized as follows. In section 2 we consider a system of free fermions on
a ladder which is gapped by the inter-chain tunneling amplitude. This problem is exactly
solvable and the reduced density matrix can be determined explicitly [25]–[27]. In section 3
we consider the spin ladder problem in the strong inter-chain coupling limit and we show
that in this limit the reduced density matrix is that of a spin-1/2 quantum Heisenberg
chain. In section 4 we use the insights obtained in the free-fermion system of section 2 to
formulate a scaling ansatz for the form of the entanglement entropy for a system of two
weakly coupled quantum critical systems (which can be regarded as a perturbed conformal
field theory). Here we conjecture a general form of the scaling behavior of the entanglement
entropies, and infer that the reduced density matrix for the low-energy degrees of freedom
of the subsystem is the thermal Gibbs density matrix of the conformal field theory at a
temperature determined by the gap scale. In section 5 we consider the case of two coupled
Luttinger liquids with a joint gapless ground state. Our conclusions are summarized in
section 6.

Quantum entanglement and thermal reduced density matrices in fermion and spin systems on ladders

For flux Φ = π, the Hamiltonian H(k) of equation (2.2) is


H(k) = 2t sin k cA (k)† cA (k) − cB (k)† cB (k) − t⊥ cA (k)† cB (k) + cB (k)† cA (k) .
The Hamiltonian can be diagonalized by a change of basis




ξ(k) a
ξ(k) b
cA (k) = cos
c (k) − sin
c (k)
2
2




ξ(k) b
ξ(k) a
c (k) + cos
c (k)
cB (k) = sin
2
2

(2.3)

(2.4)

where u(k) is given by
t⊥ u(k) = 2t sin k +

q
(2t sin k)2 + t2⊥ .

The dispersion relations for the bonding and anti-bonding bands are
q
E(k) = ± (2t sin k)2 + t2⊥ .

(2.6)

(2.7)

At half-filling, the bonding band is filled and the anti-bonding band is empty. As can
be seen from equation (2.7), the excitation energy E(k) is smallest at k = 0, π, where the
spectrum has an energy gap of 2t⊥ .
As in all fermionic systems in 1D, this system can also be put in the form of 1D Dirac
fermions with two two-component spinor fields, with the components being the right and
left-moving amplitudes near the two Fermi points at k = 0, π. Therefore the low-energy
degrees of freedom of this ladder (with flux Φ = π) are described by two species (bonding
and anti-bonding) Dirac spinors each with velocity v = 2t and mass gap mv 2 = t⊥ . This
can be done, more formally, by combining the right-moving fermion from the A chain (with
k ∼ 0), RA (k) and the left-moving fermion from the B chain (also with k ∼ 0), LB (k),
into a two-component (Weyl) spinor. Similarly a second spinor can be constructed where
R̃B (k) is the right-moving component of the fermion on the B chain with momentum
−π + k and L̃A (k) is the left-moving fermion from the A chain with momentum π − k.
!
!
RA (k)
R̃B (k)
ψ1 (k) =
,
ψ2 (k) =
.
(2.8)
LB (k)
L̃A (k)
The tunneling matrix element t⊥ , which mixes right and left movers with the same
momenta on both chains, opens the (same) mass gap m ∝ t⊥ in both Dirac spinors.
The effective (continuum) low-energy Hamiltonian density for this system is
X

H=
ψa† σ3 iv∂x ψa + mv 2 ψa† σ1 ψa
(2.9)
a=1,2

doi:10.1088/1742-5468/2013/08/P08013
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where b and a label the bonding and the anti-bonding bands of the ladder, respectively,
and ξ(k) is defined as


ξ(k)
u(k)
sin
=p
1 + u2 (k)
 2 
(2.5)
ξ(k)
1
cos
=p
2
1 + u2 (k)

Quantum entanglement and thermal reduced density matrices in fermion and spin systems on ladders

where a = 1, 2 labels the two spinors and σ1 and σ3 are the two 2×2 Pauli matrices (which
act on the components of each spinor).
Below we will calculate the reduced density matrix for chain A by making a cut
between the chains and trace out chain B. We can now use the results of Peschel [25] for
a free-fermion system to find the entanglement Hamiltonian
H̃E ≡ − ln ρA

(2.10)

for subsystem A, which has the explicit form
H̃ij c†i cj

(2.11)

i,j=1

where the matrix H̃ij takes the form


H̃ij = ln (C −1 − 1) ij .

(2.12)

The creation and annihilation operators c†I and ci in equation (2.11) are labeled by the
sites of subsystem A. In equation (2.12) Cij is the correlation function matrix (the fermion
propagator at equal times) whose matrix elements in momentum space are


ξ(k)
†
0
0
2
Ckk0 = hcA (k)cA (k )i = 2πδ(k − k )sin
2
= 2πδ(k − k 0 )

u2 (k)
.
1 + u2 (k)

(2.13)

Combining the above two equations, we find that the entanglement Hamiltonian (in
momentum space) has the standard form
Z π
dk
H̃E =
ω(k) c† (k)c(k)
(2.14)
−π 2π
where
ω(k) = ln u2 (k).

(2.15)

By inspection of equation (2.6) we see that as k → 0 the quantity u(k) ' 1 + vk/t⊥ +
O(k 2 ), and similarly as k → π. Thus the one-particle spectrum ω(k) vanishes linearly as
k → 0, π. In other terms, the long-wavelength modes (with k ∼ 0, π) of the one-particle
entanglement spectrum is that of a system of massless fermions, ω(k) ' 2vk/t⊥ , with the
modes near k = 0 representing right movers and the modes near k = π representing left
movers, respectively.
If we define the inverse temperature βeff = (t⊥ /2)−1 , we can rewrite the reduced density
matrix ρA as
1 −βeff HA
e
.
(2.16)
Z
We can see that ρA has the same form as ρT for chain A, with Teff = t⊥ /2 playing the
role of the temperature. Therefore, the entanglement Hamiltonian for the long-wavelength
modes (near k = 0 and π), always has the form (regardless of the strength of the tunneling
ρA = ρTeff =

doi:10.1088/1742-5468/2013/08/P08013
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H̃E =

N
X

Quantum entanglement and thermal reduced density matrices in fermion and spin systems on ladders

amplitude t⊥ )
Λ

dk 4ta
k(R† (k)R(k) − L† (k)L(k))
2π
t
⊥
−Λ
= βeff HA
Z

H̃E =

(2.17)

= βeff it

N
X

c(n)† c(n + 1) + h.c..

(2.18)

n=1

In this limit the reduced density matrix for leg A is that of a single chain of free fermions
with hopping amplitude it at an effective temperature Teff = t⊥ /2.
This effective temperature is in fact much higher than the bandwidth 4t of the
fermionic spectrum of the chain. Thus, the statistical ensemble of the chain defined by the
strong tunneling limit is essentially the classical Gibbs ensemble. In the strong tunneling
limit the entanglement Hamiltonian is a local operator of the chain degrees of freedom.
Clearly the corrections to this strong tunneling limit lead to an effective entanglement
Hamiltonian which becomes increasingly non-local. Nevertheless, these apparently nonlocal lattice operators only contribute with irrelevant operators in the long-wavelength
regime.
In summary, in this free-fermion ladder model the reduced density matrix of a chain
has a Gibbs form with an effective entanglement Hamiltonian HE , given in equation (2.14).
Since the reduced density matrix for chain A is thermal, the von Neumann entanglement
entropy is equal to the thermodynamic entropy of the 1D quantum system described by
the Hamiltonian HE . As the strength of the tunneling matrix element t⊥ increases, the
fraction of the entanglement spectrum that is thermal also increases, ranging from only
the long-wavelength modes of chain A for t⊥  t to all of the modes for t⊥  t, with an
effective temperature Teff = t⊥ /2. Nevertheless, the long-wavelength modes, i.e. the lowest
eigenvalues of the entanglement Hamiltonian, which are always thermal, have universal
properties.
The free energy of a system of 1D massless Dirac fermions (in a system of length L
in the thermodynamic limit) at temperature T is that of a conformal field theory with
central charge c = 1 (see [29, 30])
F = −T ln Z = ε0 L −

πc 2
T L
6v

doi:10.1088/1742-5468/2013/08/P08013
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where R(k) represent the right-moving modes (with k ∼ 0) and L(k) the left-moving
modes (with wavevector π − k), respectively, v = 2ta is the velocity of the modes, and
Λ ∼ π/a is a momentum cutoff (and a is the lattice spacing which we have set to 1). In
other terms, the long-wavelength entanglement Hamiltonian for chain A is the same as
the low-energy Hamiltonian HA for the Dirac fermions of the decoupled chain. Therefore
the long-wavelength reduced density matrix is the Gibbs density matrix of a system of a
−1
massless Dirac fermion (with velocity 2t) at temperature Teff = βeff
= t⊥ /2.
On the other hand, in the strong coupling (tunneling) limit t⊥  t, in which there is
a large energy gap in the spectrum of the fermions, the entanglement Hamiltonian has
the simple form
Z π
dk 4t
H̃E =
sin k c† (k)c(k)
2π
t
⊥
−π

Quantum entanglement and thermal reduced density matrices in fermion and spin systems on ladders

where ε0 is the (non-universal) ground state energy density, c is the central charge of the
conformal field theory and v is the velocity of the modes. The last term in equation (2.19)
is universal and it is a well-known low-temperature (the Casimir term) contribution to
the free energy of a conformal field theory. The form of this term is determined by the
conformal anomaly of the conformal field theory [29, 30]. From here it follows that the
thermodynamic entropy ST of this 1D quantum critical system is
∂F
πc
= T L.
(2.20)
∂T
3v
Depending on the boundary conditions, the entropy ST may have the finite limiting value
ln g as T → 0, where g is a universal number that depends on the boundary conditions
and can be interpreted as a ground state ‘degeneracy’ (even though it is generally not an
integer) [31].
Since we have shown that the reduced density matrix of a leg of the fermion ladder
with flux Φ = π per plaquette is, in the long-wavelength limit, identical to the Gibbs
density matrix of a system of massless Dirac fermions in 1D, we can apply the above
results from CFT to the present case. It then follows that the thermodynamic entropy
of a system of 1D massless Dirac fermions at finite temperature T is the same as the
von Neumann entanglement entropy SvN of chain A (also in the long-wavelength limit)
with a temperature T = Teff = M , given by the mass gap of the fermion ladder.
It is an elementary exercise to compute the Rényi entropies, Sn . Indeed in this system
the trace of the nth power of the (unnormalized) reduced density matrix ρA is now equal
to the partition function of a free Dirac fermion at temperature Teff /n,


Teff
n
TrρA = ZF T =
n


πc Teff
n
ε0 L +
L
(2.21)
= exp −
Teff
6v n
ST = −

where we denoted by ρ̂A the normalized reduced density matrix, i.e. Trρ̂A = 1. From here
we find that the von Neumann entanglement entropy SvN is given by
∂
πc
Trρ̂nA
= Teff L = S(Teff )
(2.23)
n→1
∂n
3v
which agrees with the thermodynamic entropy S(Teff ) at temperature Teff (as it should).
Similarly, the Rényi entropy Sn is given by the result (valid for n > 1)


1
πc
Sn =
1+
Teff L.
(2.24)
6v
n
SvN = −

Notice that S1 = limn→1 Sn = SvN as it should.
We close this section with a comment on the correlators. The equal-time fermionic
correlators, i.e. the equal-time propagators (or Green functions), of a theory of massive
doi:10.1088/1742-5468/2013/08/P08013
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where we have purposely left the explicit dependence on the central charge c of the CFT
(although for the free-fermion case c = 1). We will return to this expression in section 4.
Therefore
 


TrρnA
πc 1
n
≡ Trρ̂A = exp
− n Teff L
(2.22)
(TrρA )n
6v n

Quantum entanglement and thermal reduced density matrices in fermion and spin systems on ladders

fermions in 1+1 dimensions have an asymptotic exponential decay exp(−m|x|) (where m is
the mass gap) with a power law correction prefactor (m|x|)−1/2 . This behavior is correctly
reproduced by equation (2.13) (as it should). However, the equal-time correlation function
of gapless Dirac fermions at temperature T has a pure exponential decay of the form
πT / sinh(2πT |x|), which does not have a power law prefactor correction. This apparent
difference is the result of the long-wavelength approximation used in the entanglement
Hamiltonian of equation (2.17).
3. Entanglement in strongly coupled systems

H0 = J⊥

N
X

~A (n) · S
~B (n).
S

(3.1)

n=1

The coupling between the chains A and B is antiferromagnetic with J⊥ > 0. For H0 , the
ground state is the product of N spin singlets on the rungs
|Ψ0 i =

N
Y

|0, 0in

(3.2)

i=n

doi:10.1088/1742-5468/2013/08/P08013
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For a free-fermion model, such as the one discussed in section 2, we can exactly calculate
the reduced density matrix for any value of the coupling constant. For the general case
of two arbitrary coupled systems which are not free, the computation of the reduced
density matrix is non-trivial. However, in the strong coupling limit we can still use the
perturbation theory to calculate the reduced density matrix. This is the approach we will
follow here. A similar calculation was done by Laüchli and Schliemann [18].
In general, the Hamiltonian will have the form H = H0 +Hpert , where H0 is the (local)
inter-chain coupling between chains A and B and Hpert represents the Hamiltonian of
the two decoupled chains. The ground state of the coupled system, to zeroth order in
perturbation theory, is the product state |Ψ0 i = |1i × |2i × · · · × |N i, where {|ni} (with
n = 1, . . . N for chains of N sites) are the states of the degrees of freedom of the two
chains at the nth rung of this ladder. This ground state is non-degenerate and has a finite
(and large) energy gap to all excitations. Since it is a product of singlet states, it is also
‘maximally entangled’, even though in this basis the ground state is a product state. This
is a simple example showing that the degree of entanglement of a state depends on how
the question is posed, i.e. on the choice of the entangling region. Thus, if we choose as
the entangling region the left half of the ladder, we would conclude that its entanglement
entropy would be trivially zero. In contrast, if we choose one chain of the ladder as the
entangling region, the entanglement entropy will be (trivially) maximal).
We can compute next the corrections to the unperturbed ground state |Ψ0 i using an
expansion in powers of the intra-chain interactions. Since we start with a gapped phase,
the strong coupling expansion works well. For the sake of definiteness we will consider
the problem of a quantum Heisenberg antiferromagnetic model with S = 1/2 on a two-leg
ladder as an example. Other models can be treated using a similar procedure.
The unperturbed Hamiltonian H0 now contains only the inter-chain exchange
interactions (with coupling constant J⊥ ) on the rungs of the ladder,
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where
1
|0, 0in = √ (|↑A , ↓B in − |↓A , ↑B in )
2

(3.3)

Hpert = J

N
X
~A (n) · S
~A (n + 1) + S
~B (n) · S
~B (n + 1))
(S
n=1

=

N

JX +
σA (n)σA− (n + 1) + σA− (n)σA+ (n + 1)
2 n=1
N
N

JX z
JX +
z
+
σA (n)σA (n + 1) +
σB (n)σB− (n + 1) + σB− (n)σB+ (n + 1)
4 n=1
2 n=1

+

N
JX z
σB (n)σBz (n + 1)
4 n=1

(3.4)

where we have expressed the spin operators in terms of the Pauli matrices.
Let us compute the ground state of the ladder to first order in perturbation theory
in Hpert . By inspection of equation (3.4) we see that the only nonvanishing contribution
involves breaking the spin singlets on pairs of nearest-neighbor rungs at a time, i.e. only
hΨn,n+1
|Hpert |ψ0 i =
6 0. The perturbed ground state is
2
|Ψi = |Ψ0 i +

X hΨn,n+1 |Hpert |Ψ0 i
2

|Ψn,n+1
i
2

E0 − E2

X
J
J
J
n,n+1
n,n+1
n,n+1
= |Ψ0 i −
−
|φ
i−
|φ
i+
|φ
i
16J⊥ 1
16J⊥ 2
4J⊥ 3
n
n

(3.5)

where {|φn,n+1
1,2,3 i} are three different types of excited states of the unperturbed Hamiltonian
H0 . In these excited states spins on pairs of nearest-neighbor rungs are put in triplet states.
They are given by
|φn,n+1
i = . . . |1, 1in |1, −1in+1 . . .
1
|φn,n+1
i = . . . |1, −1in |1, 1in+1 . . .
2
|φn,n+1
i
3

(3.6)

= . . . |1, 0in |1, 0in+1 . . .
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is the spin singlet state on the nth rung of the ladder. In the first excited state of the
ladder, |Ψ1 i, the spin singlet state of one rung is replaced by a spin triplet state |1, mi,
with m = ±1, 0 given by their standard
expressions, |1, 1i = |↑A , ↑B i, |1, −1i = |↓A , ↓B i,
√
and |1, 0i = (|↑A , ↓B i + |↓A , ↑B i)/ 2. The excitation energy is E1 − E0 = J⊥ . For the
second excited state |Ψi,j
2 i, two singlets at rungs i and j become triplets, etc. For the kth
excited state |Ψk i, the excitation energy is kJ⊥ .
The perturbing Hamiltonian Hpert is the sum of the Hamiltonians of the quantum
Heisenberg antiferromagnets of the two chains
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where . . . represents the product of singlets on the other rungs. We have
hφn,n+1
|Hpert |Ψ0 i = −J/8
1
hφn,n+1
|Hpert |Ψ0 i = −J/8
2

(3.7)

hφn,n+1
|Hpert |Ψ0 i = J/2.
3

where we have denoted by C(B) the set of all spin configurations in chain B, and by
md (C(B)) the number of down spins ↓ in the configuration of chain B. Notice that in this
basis the spin configurations |φiA of chain A are antiparallel to the spin configurations
|φiB in chain B at every rung of the ladder. Although this is a product state, this state
is maximally entangled when the cut is made between the chains.
Similarly, when we add Hpert to H0 , in the basis of the spin projection of each chain,
the perturbed wavefunction |Ψi defined in equation (3.5) can be rewritten in the following
form:




X  1 N
X J
J
J
√
|Ψi =
(−1)md (C(B))  1 −
M1 +
M2 |φiA −
|φ0 iA  |φiB
4J
4J
8J
2
⊥
⊥
⊥
C(B)
C(A)0



X  1 N
J
J
md (C(B)) 
√
=
M1 +
M2 | ↑ · · · ↑↓ · · ·iA
(−1)
1−
4J⊥
4J⊥
2
C(B)

X J
−
| ↑ · · · ↓↑ · · ·iA  | ↓ · · · ↓↑ · · ·iB
(3.9)
8J
⊥
0
C(A)
where C(B) represents all the spin configurations |φiB of chain B (which are presented
schematically in equation (3.9)). For each |φiB , the spin configuration |φiA of chain A
is antiparallel with the spin configuration in chain B. |φ0 iA is defined by flipping the
neighboring antiparallel spin pairs (↑↓ or ↓↑) in |φiA and C(A)0 represents all possible
spin configurations for |φ0 iA . md (C(B)) is the number of down spins ↓ in the states of the
B chain, M1 and M2 are the numbers of pairs for parallel spins (↑↑ or ↓↓) and antiparallel
spins (↑↓ or ↓↑) in |φiA .
To get the reduced density matrix for chain A, we need to use the Schmidt
decomposition to trace out the states in chain B. The resulting (unnormalized) reduced
doi:10.1088/1742-5468/2013/08/P08013
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The wavefunction of equation (3.5) is written in the basis of states of total spin state
on the rungs. However, in order to compute the reduced density matrix of one chain we
will need to express the wavefunction in the basis of the spin projections of each chain,
|S z (1), . . . , S z (N )iA for chain A, and |S z (1), . . . , S z (N )iB for chain B, respectively. Let
us denote the spin configurations in chain A by |φiA and the spin configurations of chain
B by |φiB .
In this basis the unperturbed wavefunction |Ψ0 i of equation (3.2) is given by
X  1 N
√
|Ψ0 i =
(−1)md (C(B)) |φiA |φiB
2
C(B)
X  1 N
√
=
(−1)md (C(B)) | ↑↓ · · · ↓↑ · · ·iA | ↓↑ · · · ↓↑ · · ·iB
(3.8)
2
C(B)
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where C(A) are all the spin configurations in chain A and C(A)0 are the spin configurations
obtained by flipping neighboring antiparallel spin pairs in |φiA .
The reduced density matrix for chain A can be computed straightforwardly at this
(first) order in perturbation theory in J/J⊥ . It has the form
1
1
(1 − βeff HE + · · ·) ' e−βeff HE +···
(3.11)
Z
Z
where Z normalizes the reduced density matrix, and HE is the entanglement Hamiltonian.
Notice that in equation (3.10), in the square bracket, there are two terms, the first term
|φiA hφ|A can be understood as the potential term and the second term |φiA hφ0 |A represents
the hopping term between neighboring sites. Thus HE (at this order) is the Hamiltonian
of the spin-1/2 antiferromagnetic quantum Heisenberg chain,

JX
HE =
2σ z (n)σ z (n + 1) + σ + (n)σ − (n + 1) + σ − (n)σ + (n + 1) + · · ·
4 n
X
~A (n) · S
~A (n + 1) + · · · .
=J
S
(3.12)
ρA =

n

Thus, in the strong coupling limit, J⊥  J, the reduced density matrix ρA of chain
A is equal to the thermal density matrix ρT of the chain with an effective (very high)
temperature Teff = 2J⊥  J. In this limit the entanglement entropy equals the thermal
entropy of the chain.
The result we derived is a general consequence of the strong coupling limit and it is not
peculiar to a ladder system. It is straightforward to see that, for instance, it also applies to
a 2D bilayer antiferromagnet in the regime of strong inter-layer exchange interactions. In
this regime the bilayer system is gapped and the ground state is also well approximated
by a product of singlets on the inter-layer couplings. By construction, in all cases the
resulting reduced density matrix always describes a system at very high temperature. Thus
we obtain that the reduced density matrix is thermal with an effective local Hamiltonian
which is that of a 2D quantum Heisenberg antiferromagnet. Since the effective temperature
is much larger than the intra-layer exchange interaction, the reduced density matrix of
layer A describes the paramagnetic phase of a single-layer antiferromagnet. However,
this result does not imply that the entanglement Hamiltonian must necessarily always be
equal to the Hamiltonian of the subsystem. For instance, Laüchli and Schliemann have also
shown that at second order in perturbation theory the entanglement Hamiltonian acquires
doi:10.1088/1742-5468/2013/08/P08013
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density matrix for chain A is





X 1 
X
J
 1 − M1 J + M2 J
ρA =
|φiA hφ|A −
|φiA hφ0 |A + h.c. 
N
2
2J⊥
2J⊥
4J⊥
C(A)
C(A)0


X 1 
J
J

+ M2
| ↑ · · · ↓↑ · · ·iA h↑ · · · ↓↑ · · · |A
1 − M1
=
2N
2J⊥
2J⊥
C(A)


X  J
−
| ↑ · · · ↓↑ · · ·iA h↑ · · · ↑↓ · · · |A + h.c. 
(3.10)
4J
⊥
C(A)0
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a next-nearest-neighbor exchange interaction. Higher order terms in perturbation theory
will generate more non-local terms in the effective Hamiltonian.
4. Weak coupling limit

where HA ' HB describe the two critical subsystems (the ‘legs’), O(A, B) is a suitable
local relevant operator, and g is a coupling constant. We will assume that this operator has
the form O(A, B) = φ(A)φ(B), where φ(A) and φ(B) are local operators of A and B, each
with (the same) scaling dimension ∆φ(A) = ∆φ(B) ≡ ∆/2. This perturbation is relevant if
its scaling dimension ∆φ(A) + ∆φ(B) = ∆ ≤ 2 (where 2 is the spacetime dimension). Under
these assumptions this perturbation drives the combined system into a massive phase
with a finite mass gap M (g) which obeys the scaling relation M (g) ∼ const. g νz , where
ν = 2 − ∆. These CFTs are ‘relativistic’ and hence have the dynamical exponent z = 1.
The case ∆ = 2 is special in that the operator O(A, B) is marginal. We will further assume
that in this case it is marginally relevant.
In the case of the fermionic ladder of section 2 the CFT of the decoupled chains is
a theory of two massless Dirac (Weyl) fermions (and hence with central charge c = 2).
The scaling dimension of the tunneling operator (i.e. the fermion mass term) is ∆ = 1,
which is relevant. In this case, the exponent is ν = 1. In the case of the two-leg ladder, the
decoupled ladder is a theory of two spin-1/2 quantum Heisenberg antiferromagnetic chains,
and hence are critical. The CFT of the spin-1/2 quantum Heisenberg antiferromagnetic
chain is an SU (2)1 Wess–Zumino–Witten (WZW) model [32]. Hence the decoupled ladder
is a product of two SU (2)1 WZW models (with total central charge c = 2). The most
doi:10.1088/1742-5468/2013/08/P08013
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From the discussion in section 2 we see that for the free-fermion model, in the strong
tunneling limit, the reduced density matrix of one chain has the thermal form, ρA = ρT .
However, in the same section we also saw that for the low-energy modes of a chain of the
ladder, i.e. those with wavevectors around k = 0 and π, the reduced density matrix of one
chain is also thermal regardless of the strength of the tunneling matrix element t⊥ . Also
in section 3 we saw that in the case of antiferromagnets on ladders, the reduced density
matrix of one chain of the ladder is also thermal in the strong inter-ladder coupling, albeit
with a temperature large compared with the scale of the entanglement Hamiltonian (which
has the quantum Heisenberg form). By comparison with the results of section 2 we would
also expect that the reduced density matrix for the long-wavelength degrees of freedom
of a chain of the ladder should also have a thermal form. This issue cannot be addressed
by a direct calculation from the inter-chain strong coupling regime of the ladder.
In this section, we will consider the general case in the weak coupling limit. We consider
a system with two critical chains with the same Hamiltonian, which in the low-energy and
long-wavelength limit describes a conformal field theory (CFT) in 1 + 1 dimensions. We
will further assume that, when coupled by some relevant operator O(A, B) of the CFT,
the combined system flows to a fixed point with a finite energy gap in its spectrum. Our
goal is to determine if the reduced density matrix of one subsystem, A, has a thermal
form.
Formally, the Hamiltonian of the coupled CFTs has the form
Z
H = HA + HB + dx g O(A, B)
(4.1)
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relevant operator in the inter-ladder exchange interaction is the coupling of the Néel order
~ A (x) · N
~ B (x). In the SU (2)1 CFT the Néel order parameters
parameters of each chain, N
of each chain are represented by the primary field whose scaling dimension is 1/2 (for a
detailed discussion see, e.g. [33]). Hence, the scaling dimension of the inter-chain exchange
interaction in the spin-1/2 ladder is ∆ = 1, and hence the exponent is ν = 1 (albeit for
different reasons than in the case of the fermionic ladder).
The computation of the reduced density matrix of a subsystem (in this case a
perturbed CFT) is in general a very difficult problem. In principle it is possible to compute
the reduced density matrix using methods of quantum field theory, which reduces this
computation to an imaginary time path integral over the field configurations φ(x, τ ), with
0 ≤ x ≤ L and 0 ≤ τ ≤ 1/T (in the limits L → ∞ and 1/T → ∞), with suitable boundary
out
conditions. For the matrix element hφin
A (x)|ρA |φA (x)i, the boundary conditions are that
the field configurations for region B are periodic in imaginary time, φB (x, 0) = φB (x, 1/T ),
whereas on region A the field configurations are discontinuous across the x axis between
out
τ = 0 and 1/T , and hence satisfy φA (x, 0) = φin
A (x) and φA (x, 1/T ) = φA (x) (see [3]). For
the type of problems we are discussing here the result is a path integral on two concentric
cylinders, each of length L and circumference 1/T , with the cylinder for region A having
a cut along the x axis representing the discontinuity of the field configurations, as shown
in figure 1.
Alternatively, we can compute the moments of the reduced density matrix of the
subsystem (needed for the computation of the Rényi and von Neumann entropies) using
doi:10.1088/1742-5468/2013/08/P08013
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Figure 1. Spacetime manifold with a cut required for the computation of ρA .
The cut (the broken line) only affects the spacetime for subsystem A (the
outside cylinder) whose configurations are discontinuous across the cut. The
configurations on region B (the inside cylinder) are periodic and smooth. The
interactions between the fields on regions A and B are depicted by the thin
radial lines.
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the replica trick [1]–[3]
Zn
(4.2)
Zn
from which the Rényi entropies Sn and the von Neumann entropy can be determined,
TrρnA =

1
ln TrρnA ,
SvN = lim Sn .
(4.3)
n→1
1−n
In equation (4.2) we have denoted by Z the partition function of the coupled system
(with coupling constant g) defined on a cylinder of length L → ∞ and circumference
1/T → ∞. Zn is the partition function of the coupled system (with subsystems A and B)
on a spacetime manifold obtained by stitching together n copies of the path integral of the
reduced density matrix. In the case at hand this leads to the manifold shown in figure 2
(for the case n = 2), where the B region are the inside cylinders whereas the A region is
obtained by gluing together the n path integrals along the n cuts. Therefore, Zn is a path
integral in which the fields on the n copies of the region B are periodic with period 1/T .
Instead the fields on region A are stitched together in such a way that they are periodic
with period n/T (see figure 2). The partition function Z should not be confused with the
normalization Z of the reduced density matrix.
This procedure requires the introduction of a set of twist fields that connect the
Hilbert spaces two at a time. In the case of spatial cuts there are a finite number of such
twist fields. In the case of a conformally invariant theory the twist fields behave as local
operators with non-trivial scaling dimensions and uniquely determine the singularities of
the path integral [3]. However, in the case in which two conformal field theories (on regions
A and B) are coupled everywhere we are led to the ‘body’ cuts we described above (and
shown in figure 1), which require the introduction of a line of twist fields defined along
these cuts.
The introduction of this line of twist fields complicates the calculation of the replicated
partition function, and we will not pursue this approach here. Another option is to use
the approach introduced by Qi et al [19], who made the observation that upon physically
Sn =

doi:10.1088/1742-5468/2013/08/P08013
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Figure 2. The spacetime manifold needed for the computation of Trρ2A . The
inside cylinders represent the replicated regions B (which are integrated out)
and the outer surface which wraps around them is the replicated A region. The
interactions between the A and B regions are shown as thin radial lines.
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(ln Z)sing = const. T L ξ −2 (g) f (g)

(4.4)

where f (g) is a function such that f (0) = 1.
Turning now to the replicated partition function, Zn , we notice that on the A region
the stitched cuts act only at imaginary times τ = p/T (with p = 1, . . . , n) and for all
values of x. The partition function of the replicated system, Zn , differs from the partition
function of a single copy by the action of the lines of twist fields at n equally spaced
boundaries in imaginary time. We are interested in the limit in which both L → ∞ and
T → ∞ for fixed and finite n. In this limit Zn should have a bulk contribution which is
asymptotically the same as the bulk contribution of n decoupled copies.
By examining the free energies −T ln Zn and −nT ln Z, we notice that in the
thermodynamic limit L → ∞ and T → 0, the bulk contributions should exactly cancel each
other out and that the only surviving contributions come from the ‘defects’ (associated
with the twist fields). Thus, the part we are interested in is a finite size correction in
Zn which defines a type of boundary field theory. Furthermore, since for any finite value
of the coupling constant g the theory is in a massive phase, the subtracted quantity
(ln Zn − n ln Z) (needed to compute the Rényi entropies) has contributions only from a
strip of width ξ = 1/M (g) and length L. The length scale ξ is the ‘extrapolation length’
invoked in [19, 35].
doi:10.1088/1742-5468/2013/08/P08013
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splitting regions A and B suddenly, i.e. upon setting the coupling constant g → 0 after
some (real) time t = 0, the reduced density matrix of subsystem A becomes the density
matrix of the (now decoupled) system A. These authors used this approach to relate the
entanglement entropy of a simply connected region of a 2D chiral topological phase to the
behavior of its edge states.
In this section we will formulate instead a scaling argument to generalize the results of
section 2. There we saw that the reduced density matrix of the long-wavelength modes of
a chain of a gapped free-fermion system on a ladder is thermal and that the von Neumann
entropy of the chain is the thermal entropy of an isolated chain at a finite effective
temperature set by the gap in the fermion spectrum. We also saw that the resulting
expressions for the entanglement entropies (von Neumann and Rényi) depend only on
the Casimir term that gives the form of the finite size correction to the free energy in
a conformal field theory. The structure of the universal Casimir term is determined by
conformal invariance and by the conformal anomaly [29, 30] (through the central charge
c). We are thus led to conjecture that this behavior of the entanglement entropies holds
for any system of two coupled conformal field theories in a massive phase with a mass gap
M (g) ∼ g ν .
The scaling argument is based on the observation that the quantity Fn = −T ln Zn
is the free energy of the replicated system and, as such, it is a function of L, T and n
(as well as of the coupling constant g). The scaling behavior is expected to hold since
we are dealing with a perturbed conformal field theory which, due to the effects of the
relevant perturbation, is driven into a massive phase. Since the coupled theory now has a
finite mass gap M (g) and a finite correlation length ξ(g), the singular part of ln Z of the
coupled system, whose Hamiltonian is given in equation (4.1), should be, as in all theories
of critical behavior [34], an extensive homogeneous function of the form (known in the
theory of critical phenomena as Widom scaling)
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Therefore, again in the thermodynamic limit L → ∞ and T → 0, we expect to obtain
the scaling behavior
lim

T →0,L→∞

(ln Zn − ln Z n ) = LM (g) f˜n (g)

(4.5)

where f˜n (g) is another function with the limit fen (0) = fn . By demanding consistency with
the results from section 2, we will conjecture that the quantities fn are given by


πc 1
fn =
−n
(4.6)
6v n

5. Gapless coupled Luttinger liquids
For completeness, in this section we will consider a situation where the coupling operator
O(A, B) is marginal and therefore will not open a gap in the spectrum. The entanglement
entropy thus should be different from the thermal entropy. As a simple example we consider
two Luttinger liquids coupled with a marginal operator. The Rényi entropy for this model
has been calculated before by Furukawa and Kim, using the replica trick. They showed
that the von Neumann entanglement entropy has, in addition to a term proportional to
the length of the subsystem, a constant term determined by the Luttinger parameter [20].
Here we will arrive at the same result using a different (and simpler) method. We will
obtain this result directly by computing the reduced density matrix ρA . This can be done
since the Luttinger liquid model is essentially a free scalar (compactified) (Bose) field.
The Hamiltonian density for this model is
H = HA + HB + HAB
where HA and HB are the Hamiltonian densities for the two Luttinger liquids


v Π2
2
HAB =
+ K(∂x φ) .
2 K
In momentum space the Hamiltonians have the form


X
1
v
2v
†
HAB =
v|p| ap ap +
+
M 2 + R2 N 2
2
2
2LR
L
p6=0
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where c is the central charge of each of the two conformal field theories at g = 0 and v is
the velocity of their long-wavelength modes.
We are then led to conjecture that the von Neumann entanglement entropy of
subsystem A of a gapped system A ∪ B is extensive and has the scaling behavior
πc
(4.7)
SvN = M (g)L
3v
where M (g) ∼ g 2−∆ , c is the central charge c of the decoupled CFTs which are coupled
by a local relevant operator of scaling dimension ∆, and v is the velocity of the modes.
These arguments also imply that the Rényi entropies Sn should be given by an expression
of the form


πc 1
+ 1 M (g)L.
(4.8)
Sn =
6v n
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√
√
where φ is a compactified boson with compactification radius r and R = r K = 1/ 4π,
where K is the Luttinger parameter, and Π is the canonical momentum conjugate to the
field φ. Here M and N take integer values. (For a summary of the Luttinger model see,
e.g., [33, 36].)
The coupling term HAB takes the form
u
ΠA ΠB
(5.4)
K
where u is the coupling constant. In momentum space the inter-chain coupling Hamiltonian
is
X
u
4u
(5.5)
HAB =
u|p|(a†p b†−p + ap b−p ) −
MA MB + R2 NA NB
2
LR
L
p6=0
HAB = uK∂x φA ∂x φB −

p6=0

which is a bilinear form in the bosons. Since the number of bosons in the separate chains
are not conserved, the diagonalization of the Hamiltonian then proceeds through the
standard Bogoliubov transformation
a†p = f+ c†p + f− d−p

b†−p = f+ d†−p + f− cp .

(5.7)

By diagonalizing the Hamiltonian, we can get the new spectrum for the bosons
√
E(p) = |p| v 2 − u2 .

(5.8)

The parameters f± are given by


f±2 = 12 (1 − u2 /v 2 )−1/2 ± 1 .

(5.9)

Since the coupled Luttinger model has been reduced to a free bosonic model, the
reduced density matrix for chain A can be calculated similarly
fermionic model.
Pas in free
†
The entanglement Hamiltonian here too has the form H̃E = ij H̃ij ai aj with

H̃ij = ln[C −1 − 1] ij
(5.10)
where Cij is the correlation matrix. Its matrix elements in momentum space (and in the
thermodynamic limit L → ∞) are
Cpp0 = 2πδ(p − p0 )f−2 .
doi:10.1088/1742-5468/2013/08/P08013
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where ap and bp are the boson operators for chain A and chain B, respectively.
The inter-chain coupling term of equation (5.4), has scaling dimension 2 and hence is
a marginal operator. In the case of the Luttinger model it is an exactly marginal operator.
Its main effects are to change (continuously) the scaling dimensions of the operators of
the physical observables, as well as a finite renormalization of the velocities of the modes
(see, e.g., [37, 38]). The coupled Luttinger models are stable provided |u| < v.
Since |u| < v, the ground state of this system is in the sector where the winding
modes are absent, NA = NB = MA = MB = 0. Thus, we only need to solve the following
Hamiltonian:
i
Xh
v|p|(a†p ap + b†p bp ) + u|p|(ap b−p + a†p b†−p )
H=
(5.6)
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Since f−2 is a constant, the matrix H̃ij is proportional to the identity matrix. Hence the
entanglement Hamiltonian is proportional to the number operator and it is not equal to
the Hamiltonian of one of the subsystems. Consequently the reduced density matrix is no
longer thermal.
This difference is also reflected in the different behavior of the von Neumann
entanglement entropy SvN and thermal entropy ST . Let us define the parameter κ,
κ=

K + − K−
u
=
K + + K−
v

(5.12)



K± = K

v±u
v∓u

1/2

(5.13)

√
are the Luttinger parameters for the fields φ± = (φA ± φB )/ 2 that diagonalize the
Hamiltonian of the coupled system, equation (5.1). We will now obtain the expressions of
the entanglement entropies as functions of κ.
In the weak coupling limit |u|  v (i.e. κ  1) and in momentum space, the correlation
matrix is
κ2
2πδ(p − p0 ).
4
It follows that the Rényi entropies Sn are equal to
Cpp0 '

1
ln TrρnA
1−n

 

1
L
(1 − e−E )n
=
− 1 ln
1−n a
1 − e−nE



1
L
κ2  κ 2n
≈
−1
−n +
1−n a
4
2
L
= −γn + γn
a

(5.14)

Sn =

where E = ln ((4/κ2 ) − 1), a is a short-distance cutoff and
 2   
κ
κ 2n
1
n −
.
γn =
(1 − n)
4
2

(5.15)

(5.16)

From the above equation, we see that besides a term proportional to the length L of the
system, there is also a constant term related to the Luttinger liquid parameter. When
n is large, γn = nκ2 /(4(1 − n)). These results agree with those of [20]. Similarly, the
von Neumann entanglement entropy equals
 2 

 2
L
κ
κ
L
1 − ln
= −γ1 + γ1
SvN =
−1
(5.17)
a
4
4
a
where γ1 = −(κ2 /4)(1−ln(κ2 /4)). We can see that the von Neumann entanglement entropy
SvN for this system is extensive but it is totally different from the thermal entropy ST ,
which is given by equation (2.20) (with c = 1).
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